PERIODIC DERIVATIONS AND PREDERIVATIONS OF LIE 

ALGEBRAS 



DIETRICH BURDE AND WOLFGANG ALEXANDER MOENS 

Abstract. We consider finite-dimensional complex Lie algebras admitting a peri- 
odic derivation, i.e., a nonsingular derivation which has finite multiplicative order. 
We show that such Lie algebras are at most two-step nilpotent and give several 
characterizations, such as the existence of gradings by sixth roots of unity, or the 
existence of a nonsingular derivation whose inverse is again a derivation. We also 
obtain results on the existence of periodic prederivations. In this context we study 
a generalization of Engel-4-Lie algebras. 



1. Introduction 

Let q be a Lie algebra over a field k. A derivation of q is called nonsingular, 
if it is injective as a linear map. Lie algebras admitting nonsingular derivations 
have been studied in many different contexts. First, they play an important role 
in the existence question of left-invariant affine structures on Lie groups. Here 
nonsingular derivations arise as a special case of invertible 1-cocylces for the Lie 
algebra cohomology with coefficients in ^-modules M with dim(M) = dim(g). If 
D is a nonsingular derivation, then the formula x ■ y = D(y)]) defines a 

left-symmetric structure on q. For a survey on this topic see [I] and the references 
therein. An important structure result for Lie algebras q of characteristic zero with 
a nonsingular derivation has been given by Jacobson |6J. It says that such Lie 
algebras must be nilpotent. For Lie algebras in prime characteristic the situation is 
more complicated. In that case there exist non-nilpotent Lie algebras, even simple 
ones, which admit nonsingular derivations [2]. This is very interesting for the coclass 
theory of pro-p groups and Lie algebras, see [10] and the references given therein. In 
this context also the orders of nonsingular derivations have been studied. This leads 
naturally to a subclass of nonsingular derivations, given by periodic derivations, 
where the derivation has finite multiplicative order. Again it is interesting to obtain 
structure results on Lie algebras admitting periodic derivations. Whereas this has 
been studied intensively in prime characteristic, there seems to be only one result 
for the characteristic zero case, which is proved \7\. It says that such Lie algebras 
are abelian, if the order of the periodic derivation is not a multiple of six. There is 
nothing said in [7] on Lie algebras admitting a periodic derivation of order which 
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is a multiple of six. The aim of this paper is to close this gap by characterizing 
such Lie algebras. We first prove that such Lie algebras are abelian or two-step 
nilpotent. Then we show that the existence of a periodic derivation is equivalent to 
the existence of a so called hexagonal grading by sixth roots of unity. This again 
is equivalent to the existence of a nonsingular derivation whose inverse is again a 
derivation. As it turns out, not all two-step nilpotent Lie algebras admit a periodic 
derivation. This leads us to consider further invariants of two-step nilpotent Lie 
algebras admitting periodic derivations. 

In the last section, we study the much more difficult case of periodic prederivations. 
A Lie algebra admitting a periodic prederivation is again nilpotent. However, it is 
not clear how to find a good bound on the nilpotency class. In many cases we can 
prove that such Lie algebras are at most 4-step nilpotent. This involves Engel-4-Lie 
algebras and so called pre-Engel-4 Lie algebras. On the other hand, however, we 
also construct a 5-step nilpotent Lie algebra admitting a periodic prederivation. 

2. Periodic derivations 

Let q be a Lie algebra. We always assume that g is finite-dimensional and complex, 
if not mentioned otherwise. Denote by Der($j) the Lie algebra of derivations of q. 
Periodic derivations have been defined in [7]. 

Definition 2.1. Let q be a Lie algebra. A derivation D of q is called periodic, if 
there is an integer m > 1 such that D m = id. 

If q has a periodic derivation D with m = 1, then we have [x,y] = D([x,y]) = 
[D(x),y] + [x, D(y)] = 2[x,y], so that g is abelian. Conversely, an abelian Lie 
algebra has periodic derivations of any possible order m > 1. Indeed, just define 
D = Cm id G End(g) = Der($j), where ( m is a primitive m-th root of unity. 

Our aim is to characterize complex Lie algebras admitting a periodic derivation. We 
need an elementary lemma related to roots of unity. 

Lemma 2.2. Let a, (3 be complex numbers with \a\ = \(3\ = \a + (3\ = 1. Then 
(3 = ua with a primitive third root of unity u. 

Proof. The points 0, a and a + (3 are the vertices of an equilateral triangle. Hence 
(3 = ua. To see this algebraically, let 7 = — (a + Then a + (3 + 7 = and 
l a l = \P\ — \l\ — 1- We may write (3 = e tLp a and 7 = e l ^a. Substituting in 
a + (3 + 7 = one obtains 1 + e iip + e % ^ = 0. Equating real and imaginary parts 
yields xjj = —ip and cos((/?) = —1/2. We may take if to be positive, so that ip = 27r/3 
and ij) = -2vr/3. Then u = e itp = e 2 ™ /3 and /3 = ua. □ 

Corollary 2.3. Let a, (3, 7 e C. Then at least one of the numbers a, (3, 7, a + 7, (3 + 
7, a + (3 + 7 is not an m-th root of unity. 

Proof. Assume that all of these numbers are m-th roots of unity. Then by lemma 
12.21 we have a = u r ((3 + 7) = u l and (3 = 0/7 for some r, s,t = ±1. This implies 
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u r (l + u s ) = uA Raising this to the third power yields — 1 = (1 + u s ) 3 = 1, a 
contradiction. □ 

Corollary 2.4. Let ai, ...,ot4 be m-th roots of unity. Then at least one of the 
numbers Oij + aj for i 7^ j is not an m-th root of unity. 

Proof. Assume that all of these numbers are m-th roots of unity. Then by lemma 12.21 
we have a<i = u r a\, = u s ai and «4 = u/oji for some r,s,t e {1, —1}. Now two 
of these exponents must coincide, say r = s. This yields 1 = \u r + u s \ = \2u r \ = 2, 
a contradiction. □ 

The only result on periodic derivations in characteristic zero we could find is the 
following proposition of [7]. 

Proposition 2.5. Let q be a nonabelian Lie algebra of characteristic zero, which 
admits a periodic derivation of order m. Then m is a multiple of six. 

Proof. There is a proof given in [7J using a binomial formula and determinants, 
which works for arbitrary characteristic. For the complex numbers there is a shorter 
argument available. Let D be a periodic derivation of order m. Since any complex 
endomorphism of finite order is semisimple, D is semisimple. Since g is nonabelian 
there exist eigenvectors u and v with eigenvalues a and (3 such that [u, v] is a nonzero 
eigenvector with eigenvalue a + (3. Indeed, D([u,v)) = [D(u),v] + [u,D(v)] = 
(a + /3)[u, v}. This means a m = (3 m = (a + /3) m = 1, so that /3 = au with a primitive 
third root of unity u, by lemma |2~21 Then we have a + = a(l + u). Raising this 
to the m-th power we obtain (1 + u) m = 1, with 1 + u being a primitive sixth root 
of unity, so that 6 | m. □ 

The result can be reformulated as a structure result for g. A Lie algebra admitting 
a periodic derivation of order m coprime to six is abelian. Jacobson has proved [6], 
that a Lie algebra of characteristic zero admitting a nonsingular derivation must be 
nilpotent. Since a periodic derivation is nonsingular as a linear transformation, we 
obtain the following structure result. 

Proposition 2.6. Let g be a Lie algebra admitting a periodic derivation. Then g is 
nilpotent. 

In characteristic p > this need not be true. There are non-nilpotent Lie algebras, 
even simple Lie algebras, which have periodic derivations, see [10]. For complex Lie 
algebras we obtain a stronger result than the above proposition. 

Proposition 2.7. Let g be a Lie algebra admitting a periodic derivation. Then g is 
at most two-step nilpotent. 

Proof. Let D be a periodic derivation of g. Hence it is semisimple. Assume that 
[fl> [&}Q\] 0- Then there exist eigenvectors x, y, z of D with eigenvalues a, /?, 7 such 
that [x, [y, z]] 7^ 0. Hence [y, z] 7^ 0. By the Jacobi identity we may assume that 
also [y, [x, z]] 7^ 0, hence [x, z] 7^ 0. We conclude that a, (3, 7, a + 7, (3 + 7, a + (3 + 7 
are all m-th roots of unity. This contradicts corollary 12.31 □ 
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Proposition 2.8. Let g be a Lie algebra admitting a periodic derivation D. Then 
the inverse D~ l is again a derivation of g. 

Proof. We know that D is semisimple. Let e\,...,e n be a basis of eigenvectors 
with eigenvalues ai, . . . , a n . As in the proof of proposition 12. 5[ we see that for two 
noncommuting eigenvectors and ej with eigenvalues oti and atj we have «j = otjUJ. 
Then D -1 ^, ej]) = [D -1 (ei), ef\ + [ei, D~ 1 (ej)] follows from 



a t 1 + a j 1 = ofj x (l + w x ) = atj- *(1 + u) 1 = (oj + a,-) 



□ 



If a decomposable Lie algebra g admits a periodic derivation of order a multiple of 
six, say 12, then we may not obtain a periodic derivation of order six just by rescaling. 
Indeed, for g = C 2 the linear map D = di&g((,( 2 ), with ( being a primitive 12-th 
root of unity, is a periodic derivation of order 12. However, no multiple XD has 
order six: 1 = (A£ 2 ) 6 = (AC) 6 yields 1 = ( 6 = —1, which is a contradiction. 

Definition 2.9. Denote by N(c, g) the free-nilpotent Lie algebra of nilpotency class 
c and g generators. 

Let c = 2. The Lie algebra N(2, 1) is abelian, and N(2, 2) is the Heisenberg Lie 
algebra, with [^i,^] = #3- It admits periodic derivations, e.g., D = diag(l,u;, 
or 

/0 -1 N 
D= 1 1 

V° h 

The latter derivation is integral, based on an element of order six in SLzffi)- This 
example generalizes to all Heisenberg Lie algebras E) m of dimension 2m + 1, with Lie 
brackets [xi, yi\ = z for 1 < i < m. Indeed, D = diag(l, . . . , 1, u, . . . , u, 1 + u) is a 
periodic derivation of h m . 

The Lie algebra N(2, 3), with basis . . . ,x$ and brackets 

[xi,X 2 ] = Xi, [xi,x 3 ] = x 5 , [x 2 ,x 3 ] = Xq 
is our prototype of a Lie algebra admitting a periodic derivation. 

Example 2.10. The Lie algebra N(2, 3) has a periodic derivation of order six, given 
by 

D = diag(l, u, co 2 , 1 + u,l + co 2 , uo + uo 2 ). 

It is easy to see that D^ 1 = diag(l, co 2 , co, 1 + co 2 , 1 + co, co + co 2 ). This is again a 
derivation. 

In low dimensions every two-step nilpotent Lie algebra admits a periodic deriva- 
tion. This can be seen by explicit calculations, using a list of complex two-step 
nilpotent Lie algebras. It also follows more easily from the results of section 4. 

Proposition 2.11. Let g be a two-step nilpotent Lie algebra of dimension n < 6. 
Then g admits a periodic derivation. 
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Corollary 2.12. Let g be a two-step nilpotent Lie algebra with g < 3 generators, 
i.e. with first Betti number &i < 3. Then q admits a periodic derivation. 

Proof. Such a Lie algebra is a quotient of N(2, 3). In the latter case it would be at 
most 6-dimensional. □ 

In general, not every two-step nilpotent Lie algebra admits a periodic derivation. 
Already in dimension 7 there are counter examples. Consider the Lie algebra q = 
iV(2,4)//5 in theorem 7.15 of [5], with Lie brackets 

[21,22] = X 5 , [21,23] = 2 6 , [22,23] = 2 7 , [23,24] = -2 5 . 

Example 2.13. The two-step nilpotent Lie algebra q = N(2,A)/I 5 of dimension 7 
has no periodic derivation. 

Indeed, it is easy to see that a derivation of g has eigenvalues of the form 
a, f3, 7, f3 — a, a + 7, /3 — 7, a + f3 — 7. 
These cannot be all m-th roots of unity. 

In contrast to this, all two-step nilpotent Lie algebras admit a periodic automorphism 
of any possible order m > 1. See [6] for the discussion on periodic automorphisms. 
More examples of higher dimension without periodic derivations are given by the 
following result. 

Proposition 2.14. The free-nilpotent Lie algebra N(2,g) admits a periodic deriva- 
tion if and only if g < 3 . 

Proof. The case g < 3 has been treated above. Assume that g > 4 and that 
f = N(2,g) admits a periodic derivation D. Then D is semisimple and we can 
find eigenvectors xi,...,x g which span a subspace complementary to [f, f]. The 
commutator is spanned by the linearly independent eigenvectors [2j,2j] for 1 < i < 
j < g. If the Xi have eigenvalue Aj, then the [xi, Xj] have eigenvalue Aj + \j, for i 7^ j. 
We obtain m-rooths of unity Ai, A2, A3, A4 and Xi + Aj for i 7^ j. This contradicts 
corollary 12.41 □ 

3. Gradings 

We introduce the following grading, motivated by the periodic derivation 
D = diag(a, f3, 7, a + (3, a + 7, (5 + 7) = diag(l, u, u 2 , 1 + u, 1 + w 2 , u + uo 2 ) 
of example 12.101 

Definition 3.1. A Lie algebra q is called hexagonally graded, if it admits a vector 
space decomposition 

= Qa © 0/3 © 7 © 0a+/3 © 0a+ 7 © 0/3+ 7 

with all indices being distinct complex numbers, satisfying 
(1) [Qi,Qj] C Q i+j for all i,j e {a, (3, 7, a + 0, a + 7, p + 7} 
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(2) [Qi, fl] = for alH G {a + p, a + 7, p + 7}. 

Remark 3.2. Note that a hexagonally graded Lie algebra g satisfies [g, [g, g]] = 0. 

The term hexagonally graded can be illustrated as follows. Let u = e 2m ^. With 
a — 1, P — uj and 7 = a; 2 we have 

(a, P, 7, a + /3, a + 7, /3 + 7) = (1, w, w 2 , 1 + uj, 1 + w 2 , a; + w 2 ), 

which consists just of all the sixth roots of unity. 



UJ + LO 2 
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+ 
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Remark 3.3. We can rewrite the definition in a shorter way. A Lie algebra g is 
hexagonally graded, if it admits an additive grading by sixth roots of unity, g = 
©C 6 =i0C' sucn th & t the subspace ©(3 =1 g^ corresponding to the third roots of unity 
is central. In this formulation, the third roots form a subgroup. Note that in the 
above picture we should rotate the roots to achieve this. 

Lemma 3.4. Let g be hexagonally graded. Then g admits a periodic dervation of 
order six. 

Proof. Let g = ©^e =1 g^ be a hexagonal grading. We may assume that g is non- 
abelian. Define a linear map D : g — > g by its restrictions to the subspaces g^, i.e., 
by D(x) = (x for x G g^. This is a periodic derivation of g of order six. □ 

Definition 3.5. A Lie algebra g is called triangularly graded, if it admits an additive 
grading by the non-zero complex numbers, g = aeCX g a with [g a , gp] C g a+ p, such 
that [g a , g^g] 7^ implies /3 = ua with a primitive third root of unity uj. 

If P = uja, then a, P, — (a+P) lie on a circle and form the vertices of an equilateral 
triangle. 

Lemma 3.6. Let g be a nonabelian triangularly graded Lie algebra. Then g is 
two-step nilpotent. 

Proof. The proof goes exactly like the one of proposition 12. 71 Suppose [g, [g, g]] 7^ 0. 
Then there exist nonzero scalars a, P and 7 such that [g a , [g^, g 7 ]] 7^ 0. This implies 
[0/3557] 7^ 0- By the Jacobi identity we may assume that [g Q ,g 7 ] is nonzero. Now 
the conditions on a, /3,7 contradict again corollary 12.31 □ 

It is clear that a hexagonally graded Lie algebra is also triangularly graded. But 
also the converse is true. 
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Proposition 3.7. A Lie algebra g is hexagonally graded if and only if it is triangu- 
larly graded. 

Proof. Let g = ©g a be triangularly graded. Then [g, g] = @ a W a for linear subspaces 
W a of g a . Write g a = V a © W a with a complementary vector space V a and define 
V = ® a V a . Then g = V © [g, g] = a (14 © Wa)- Define an equivalence relation on 

C x by 

a ~ /3 a 3 = /3 3 . 

For a ~ /3 we have [V Q , Vg] C [g a , g^], which maybe nonzero except for a = f3 where 
[Ba, So] Q 02« = 0. For a ^ we have [V a , Vp] C [g a , g^] = 0. 
Now consider for each a G C x , with /3 = wa, 7 = a; 2 a the linear subspaces 

0(a) = k © v p © y 7 © [k, Vp] © ^] © [Vp, 

of g. We have g(a) = g(a') for a ~ a' and [g(a), g(a')] = for a 7^ a', because g is 
two-step nilpotent and [V a , V a >] = in this case. We want to show that g is a direct 
sum of ideals g(a), i.e., 

= 00(a)- 

a/~ 

This would immediately imply that g itself is hexagonally graded. First it is easy 
to see that all g(a) are Lie subalgebras. Then consider the sum 0( a ) °f 

commuting subalgebras. It is a Lie subalgebra of g and contains V. Hence it 
coincides with g, since V generates g as a Lie algebra. Then we have [g, g(a)] C 
[g(a),g(a)] C g(a), so that g(a) is a Lie ideal of g. It remains to show that the 
sum is direct. Recall that g = © Q (V^ © W a ). Suppose that a subspace Vg occurs 
in the decomposition of two ideals g(a) and g(a'). Then 6 = u l a = u^a' for some 
i,j G {0,1,2}. Hence a 3 = (u/a) 3 = 9 3 = (u j a') 3 = (a') 3 , so that a ~ a' and 
g(a) = g(a'). Thus each Vq occurs at most once in the above sum. A similar 
argument shows that each We appears at most once in the sum. Hence the sum is 
direct. □ 

Corollary 3.8. Let g be a Lie algebra admitting a periodic derivation. Then g is 
hexagonally graded. 

Proof. Let D be a periodic derivation of g. Then D is semisimple and we may 
consider the eigenspace decomposition g = Q) a Qa of g with respect to D. If [g a , gp] 7^ 
0, then a,P and a + /3 are eigenvalues of D, hence m-th roots of unity. By lemma 
12.21 we have = ua. Hence g is triangularly graded and the claim follows from 
proposition 13.71 □ 

Corollary 3.9. Let g be a Lie algebra admitting a nonsingular derivation whose 
inverse is again a derivation. Then g is hexagonally graded. 

Proof. If there is such a derivation D, then we may assume that D and D~ x are 
semisimple, by replacing them with the corresponding semisimple parts which are 
again nonsingular derivations. Consider again the eigenspace decomposition g = 
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©q0q of g with respect to D. If [g Q ,g^] 7^ 0, then a -1 ,/? -1 are eigenvalues of D" 1 , 
and [fla,^] this is an eigenvector of D^ 1 with eigenvalue a -1 + f3^ 1 = (a + 
The latter equation again implies that /3 = ua. Hence g is triangularly graded and 
the claim follows from proposition 13.71 □ 

Now we can summarize our characterizations as follows. 

Theorem 3.10. For a complex Lie algebra the following statements are equivalent. 

(1) g admits a periodic derivation. 

(2) q is hexagonally graded. 

(3) g admits a nonsingular derivation whose inverse is again a derivation. 

Proof. First, (1) implies (2) by corollary 13.81 Then (2) implies (3) by lemma I3~4l and 
proposition 12.81 Finally (3) implies (1) by corollary 13.91 and lemma EH □ 

Another consequence is the following characterization. 

Corollary 3.11. A Lie algebra admits a periodic derivation if and only if it admits 
a periodic derivation of order six. 

Proof. We may assume that the Lie algebra g is nonabelian. Suppose that g admits 
a periodic derivation. Its order is a multiple of six. Then g is hexagonally graded, 
so that lemma 13.41 yields a periodic derivation of order six. □ 

Corollary 3.12. If g admits a periodic derivation of order six, then it also admits 
a periodic derivation of order 6k for all k > 1 . 

Proof. If D is a periodic derivation of order six, then D = diag(«i, . . . , a n ) with cti 
being sixth roots of unity. By multiplying D with a suitable sixth root of unity, 
we may assume that one of the a, equals 1, say acj = 1. If we then multiply by a 
primitive 6fc-th root of unity, for each k > 1, then we obtain a diagonal derivation 
of order exactly 6k, since the j-th entry has order exactly 6k in C x . □ 

4. Quotients of N(2,g) by homogeneous ideals 

Every two-step nilpotent Lie algebra g is a quotient of f = N(2,g) by some ideal 
/ contained in [f, f]. We always assume that g is nonabelian, so that g > 2. The 
dimension r = dim(J) > is an invariant of g, the number of relations. We have 

dim(f) = g + Q , dim(g) = g + 

Denote by X a minimal generating subset of f, with g elements. 

Definition 4.1. An ideal J of f = N(2,g) is said to partition f homogeneously, if 
there exists a partition X = XUYUZofX into three subsets X, Y, Z such that 

J — Jx + Jy + Jz + Jx,y + Jx,z + Jy,z, 

where Jx = ([x,x']\x,x' 6 X) and Jx,y is a linear subspace of G X,y 6 Y), 

and so on. 
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As an example, consider f with g = 2m generators, and partition 
X = XUYUZ = {x 1 ,...,x m }U{y 1 ,...,y m }UfH. 

Define 

J x = {[xi,Xj] | 1 < i,j < m), 

Jy = {[VhVj] I 1 <i,j <m), 

Jx,y = {[xi.yi] - [xj,yj] | 1 < i,j < m), 

and Jz = Jx,z = Jy,z = 0. Then J = Jx + Jy + Jx,y partitions f homogeneously, 
and the quotient f/ J is a two-step nilpotent Lie algebra with 2m generators and 
1-dimensional commutator, which is obviously the Heisenberg Lie algebra f) m of 
dimension 2m + f . 

We obtain another characterization of Lie algebras admitting a periodic derivation 
as follows. 

Proposition 4.2. A Lie algebra is hexagonally graded if and only if it is a quotient 
of N(2, g) by a homogeneously partitioning ideal. 

Proof. If g = N(2,g)/J is such a quotient, then it is easy to check that 

= 0a © 0/3 © 7 © Qa+/3 © 0a+7 © 0/3+7 

= (X) © (Y) © (Z) © ([X, Y}) © ([X, Z\) © ([Y, Z\) mod J 
yields a well-defined hexagonal grading. 

Conversely, assume that is hexagonally graded. Let X = {x\, . . . ,x r } be a basis 
for 0(a), Y = {yi, . . . , x s } a basis for g( ( 5) and Z = {zi, . . . , z t } a basis for 0(7). We 
may assume that 

[0,0] = span{[xi,yj\, [x^zj], [y^Zj]}, 

so that X = X UY Li Z is & minimal generating set for as a Lie algebra. Denote by 
f the free-nilpotent Lie algebra of class 2 on the generators Xi, . . . , X r , Yi, . . . , Y s , 
Zi, . . . , Z t . There exists a Lie algebra epimorhism it: f — > q mapping Xj to x it Yi to 
yi and Z { to Z; L . Thus is isomorphic to f/J with J = ker(7r). It suffices to show 
that J partitions f homogeneously. First observe that J C [f, f]. So every R e J is 
of the form 

where R x G span([xi, Xj]), R xy G span([xj, yj]), etc. For Xj and Xj in X, we obtain 
n([Xi,Xj]) = [irlx^^Xj)] = [x hXj \ = so that [X^XA G J for all X h Xj. 
Similarly, [Yi, Yj], [Zi, Zf\ G J. So we already know that R x ,R y ,R z G J. It now 
suffices to show that R xy , R xz and R yz are also contained in J. Note that 

= tt{R) = ir(R xy ) + ti{R xz ) + 7r(i? yz ). 

Since the terms in this sum belong to the linearly independent subspaces 

spm([xi,yj\) = g(a + /3), span([x i7 zj]) =0(^ + 7), span([yj, Zj]) = g(/3 + 7) 
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respectively, they must vanish. We conclude that R x , R y , R z , R xy , R xz and R yz are 



contained in J. 



□ 



Theorem 13. 101 implies the following result. 

Corollary 4.3. A Lie algebra admits a periodic derivation if and only if it is a 
quotient ofN(2,g) by a homogeneously partitioning ideal. 

Proposition 4.4. Let g = f/I of dimension n with g generators and dim(J) = r. 
Assume that g admits a periodic derivation. Then we have the following estimates: 

,2 



g 

9 <n < — + g 



g{g-S) 



< r < 



3 

g(g 



i) 



6 - ~ 2 

Proof. By theorem I3.10[ g is hexagonally graded, so that we may assume that / 
partitions f homogeneously. Let X, Y and Z as in the definition 14.11 Then g = 
\X\ + \Y\ + \Z\ is a partition of g. Since I contains the span of [x, x'], [y,y'] and 
[z,z f ] for x, x' G X;y,y' G Y; z, z' G Z, its dimension r is at least + ('^') + 

( f ) — g(g ~~ 3)/6. On the other hand we always have r < dim([f, f]) = g(g — l)/2. 
This shows the second estimate. The first one follows form this by substituting 
r = g + g) - n. □ 

We can use this result to classify Lie algebras g = f/I with small r, admitting a 
periodic derivation. The second estimate is equivalent to v'Sr+i+i < ^ < V24r+9+3 ^ 
For a given small r it restricts the possible values for g very much. If g is nonabelian, 
then we have ^H±i < g . 

Proposition 4.5. Let g = N(2,g)/I be a two-step nilpotent Lie algebra with small 
r = dim(7), namely < r < 2. Then g admits a periodic derivation if and only if it 
is isomorphic to a Lie algebra in the table below. 



r 


9 


S 


dim (g) 





2 


N(2,2) 


3 





3 


N(2,3) 


6 


1 


3 


N(2,3)/([x 2 ,x 3 ]) 


5 


1 


4 


N(2,A)/([ Xl ,x 2 ]) 


9 


2 


3 


N(2,3)/([x 1 , x 2 ], [xi,x 3 ]) 


4 


2 


4 


N(2,4)/([x 1 ,X2],[x 3 ,x4) 


8 






N(2,A)/([x 2l x i },[x 3 ,x4) 


8 


2 


5 


N(2,5)/([x 1 ,x 2 },[x 3 ,x 4 ]} 


13 



Proof. All two-step nilpotent Lie algebras with < r < 2 and 2 < g < 5 have 
been classified in [5]. An easy calculation then shows which of them admit a peri- 
odic derivation. The result also follows by considering the possible homogeneously 
partitioning ideals and classifiying the resulting quotients. □ 
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Remark 4.6. For r = 3 the result becomes much more complicated. Then the 
above estimate gives 4 < g < 6. The case r = 3, g = 4 is again classified in [5], 
Theorem 7.15. There are six two-step nilpotent Lie algebras N(2, 4)//^, 1 < k < 6 
of dimension 7. The only one not admitting a periodic derivation is N(2, 4)/is, see 
example 12.131 This yields another interesting fact. Admitting a periodic derivation 
is not a degeneration invariant. 

A Lie algebra g is said to degenerate to a Lie algebra f), if f) lies in the orbit closure 
of g under the action of the general linear group acting by base changes. In fact, 
iV(2,4)// 6 degenerates to N(2,4)/I 5 , but iV(2,4)// 6 admits a periodic derivation, 
whereas N(2,4)/I 5 does not. 

It is also possible to determine the Lie algebras with small commutator subalgebra, 
admitting a periodic derivation. 

Proposition 4.7. Let g be a two-step nilpotent Lie algebra with dim([g,g]) < 2. 
Then g admits a periodic derivation. 

Proof. It is well-known that a nilpotent Lie algebra with 1-dimensional commutator 
subalgebra is isomorphic to the direct sum of the Heisenberg Lie algebra f) m and 
some abelian Lie algebra C fc . Since both summands admit a periodic derivation, so 
does g. For the case that dim( [g,g]) = 2 we can refer to theorem 1 in [TJ. It says 
that q admits a hexagonal grading, and hence also a periodic derivation. □ 

Remark 4.8. As example !2.13l with N(2, 4)//s shows, a two-step nilpotent Lie algebra 
g with 3-dimensional commutator subalgebra need not admit a periodic derivation. 

5. Periodic prederivations 

Lie algebra prederivations are a generalization of Lie algebra derivations. They 
have been studied in connection with Lie algebra degenerations, Lie triple systems 
and bi-invariant semi-Riemannian metrics on Lie groups, see [3] and the references 
given therein. 

Definition 5.1. A linear map P : g — > g is called a prederivation of g if 

P([x, [y, z}]) = [P(x), [y, z]} + [x, [P(y), z]} + [x, [y, P(z)]] 

for every x,y,z e g. It is called periodic, if P m = id for some m > 1. 

If g has a periodic prederivation P with m — 1, then g is at most two-step 
nilpotent. Conversely, a Lie algebra of nilpotency class at most two admits periodic 
prederivations of any any possible order m > 1. Jacobsons result of [B] generalizes to 
prederivations, and even to fc-Leibniz derivations, see [9] . This implies the following 
result. 

Proposition 5.2. Let g be a Lie algebra admitting a periodic prederivation. Then 
g is nilpotent. 
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Consider two first examples of nilpotency class 4, namely the filiform nilpotent Lie 
algebras gi and g 2 of dimension 5. The Lie brackets of gi are given by [ 
for i — 2, 3, 4. For q 2 there is the additional bracket [x 2 , £3] = £5. 

Example 5.3. The Lie algebra gi admits periodic prederivations of any possible 
even order m > 2, whereas g 2 admits no periodic prederivations. 

Indeed, P = diag(a, —a, —a, a, a) with a m = (—a) m = 1 is a periodic pred- 
erivation of gi. On the other hand, a prederivation of g 2 has the eigenvalues 
a, (3, 2(3 — a, 2a — f3, a + 2/3. These cannot be all m-th roots of unity 

A Lie algebra admits periodic prederivations of odd order only in a trivial way. To 
show this, we need another lemma on roots of unity. 

Lemma 5.4. There exists m-th roots of unity a, (3, 7 such that a + (3 + 7 is again 
an m-th root of unity if and only if m is even. 

Proof. If m is even then we may take a = (3 = —7 = 1. Conversely, suppose that 
a m = (3 m = 7 m = 5 m = 1 with 6 = -(a + (3 + 7) and a + (3 + 7 + 6 = 0. We obtain 
a rhombus, so that two sides are vectors of opposite direction, say (3 = —a. Then 
1 = (3 m = (—a) m = (— l) m and hence m is even. □ 

Proposition 5.5. A Lie algebra g admits a periodic prederivation of odd order if 
and only if g it is nilpotent of class at most two. 

Proof. Assume that [g, [g,g]] 7^ and P m = id for some odd m > 1. Then P is 
semisimple, and there exist eigenvectors x,y,z with eigenvalues a,/?, 7 such that 
[x, [y, z]) 7^ 0. In particular, [x, [y, z\] is an eigenvector with eigenvalue a + (3 + 7. 
Then a, /3, 7 and a + (3 + 7 are m-th roots of unity. This contradicts lemma 15.41 since 
m is odd. It follows that [g, [g,g]] =0. □ 

Remark 5.6. Let g be a Lie algebra admitting a periodic prederivation P. Then 
it is not difficult to show that the inverse P -1 is again a prederivation of g. On 
the other hand, if g admits a nonsingular prederivation P, such that P _1 is again a 
prederivation, we do not know whether or not this implies the existence of a periodic 
prederivation. Possibly theorem 13.101 can be extended to prederivations. 

We introduce the following class of Lie algebras. 

Definition 5.7. A Lie algebra g is called an pre-Engel-m Lie algebra, if the subspace 
E m (g) = span{x G g | a.d(x) m = 0} has full dimension, i.e., if dim(P m (g)) = dim(g). 

In other words, g is a pre-Engel-m Lie algebra, if it admits an ad-nilpotent basis 
of degree m. A special class if given by Engel-m Lie algebras. These are Lie algebras 
g, where ad(a;) m = holds for all x G g. They have received a lot of attention in the 
literature, in particular concerning the possible nilpotency class of such algebras. 
For m > 5 this is a difficult question. For m = 4 the answer is, that an Engel-4 Lie 
algebra has nilpotency class at most 7, and there are such examples. For details see 
[TT] and the references given therein. 
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Remark 5.8. Note that a simple Lie algebra may have an ad-nilpotent basis, e.g., 
g = sl 2 (C) with ei = ( q J ), e 2 = ( ° [J ) and e 3 = ( _\ _\) . However, here we restrict 
ourself to nilpotent Lie algebras. 

We are in particular interested in nilpotent pre-Engel-4 Lie algebras, because they 
are important for the existence of periodic prederivations. Clearly, any Lie algebra 
of nilpotency class c < 4 is a pre-Engel-4 Lie algebra. Thus it is more interesting to 
consider pre-Engel-4 Lie algebras of nilpotency class c > 5. For the filiform nilpotent 
case and the free-nilpotent case it is easy to obtain a classification. 

Proposition 5.9. A filiform Lie algebra g of nilpotency class c > 5 is a pre-Engel-4 
Lie algebra if and only if q is 6- dimensional and 2-step solvable. 

Proof. We have dim(g) > 6 because of c > 5. Let g be a filiform nilpotent Lie 
algebra of dimension n > 7 and consider an adpated basis ei, . . . ,e n , in the sense of 
Vergne. In particular we have ad(ei) n ~ 3 ^ and ad(ei) n ~ 2 = 0. Let x = YH=i 
and assume that ad(x) 4 = 0. Then it is easy to see that we always obtain Ai = 0. 
Here we need n > 7. This implies that E^(g) C span{e2, . . . , e n }, so that g cannot 
be a pre-Engel-4 Lie algebra. Hence we are left with the case dim(g) = 6 and c = 5, 
where we have 5 different algebras. Two of them are 3-step solvable and three of 
them are 2-step solvable. The result follows by an easy computation. □ 

Proposition 5.10. The free-nilpotent Lie algebra N(c,g) is a pre-Engel-4 Lie al- 
gebra if and only if c < 4. 

Proof. We may assume that g > 2. Suppose that c > 5 and denote the generators by 
Xi, . . . , x g . Let ei, . . . , e n be any basis of f = N(c, g). It contains a subset which is a 
basis for f/[f, f]. We may assume that this subset is given by {e\, . . . , e g }. Define a Lie 
algebra automorphism a: f — > f by a(xi) = e^ for all 1 < i < g (see [5]). Therefore 
the identity ad(ej)*(ej) = for i < j is equivalent to the identity ad(s i ) t (a;j) = 
for i < j, which holds if and only if t > c. It follows that ad(ej) 4 (ej) 7^ for all 
1 < i < j < 9- Hence N(c, g) is not a pre-Engel-4 Lie algebra for c > 5. □ 

Pre-Engel-4 Lie algebras are related to the existence of periodic prederivations as 
follows. 

Proposition 5.11. Let g be a nilpotent Lie algebra which is not a pre-Engel-4 Lie 
algebra. Then g does not admit a periodic derivation. 

Proof. Assume that g admits a periodic prederivation P. Then P is semisimple, and 
g admits a basis of eigenvectors xi, . . . , x n with corresponding eigenvalues a\, . . . ,a n 
of absolute value one. By assumption every basis x±, . . . , x n contains an element Xi 
with ad(xj) 4 7^ 0. Hence y = [xi, [xi, [x{, is nonzero for two eigenvectors Xi 

and Xj, and y is again an eigenvector with P(y) = (4aj + Qj)y. Since P is periodic, 
|4q;j + otj\ = 1- This is a contradiction to \oti\ — |aj| = 1. □ 

Corollary 5.12. Let g be a filiform Lie algebra of nilpotency class c > 5. Then g 
does not admit a periodic prederivation. 
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Proof. We have dim(g) > 6 because of c > 5. All such filiform Lie algebra, except 
for three algebras of dimension 6 are not pre-Engel-4 Lie algebras. Hence they do 
not admit a periodic prederivation by proposition 15.111 For the remaining three 
algebras the claim can be verified directly. □ 

Corollary 5.13. The free-nilpotent Lie algebra N(c,g) with c > 5 does not admit 
a periodic prederivation. 

At this point there is the interesting question whether the above result can be 
generalized to all nilpotent Lie algebras of class c > 5. In low dimensions the answer 
is positive. Indeed, such algebras only exist in dimensions n > 6, and for n = 6 they 
are filiform. The first interesting dimension then is seven. 

Proposition 5.14. Let g be a nilpotent Lie algebra of dimension 7 and nilpotency 
class c > 5. Then g does not admit a periodic prederivation. 

Proof. If c = 6, then g is filiform and the claim follows from corollary 15 .121 For c = 5 
there is a list of indecomposible algebras, consisting of 30 single algebras and one 
family g(A) of algebras (see for example [8]). The claim is clear for those algebras 
which are not pre-Engel-4 Lie algebras. There remain 14 pre-Engel-4 Lie algebras to 
be checked, where we have computed all prederivations. The result is that none of 
these algebras admits a periodic prederivation. For decomposible algebras we have 
g = f © C, where f is filiform of dimension 6. Again a direct computation gives the 
result. □ 

In general, however, the result of corollary 15.121 cannot be generalized. We present 
a counter example in dimension 8: take the free-nilpotent Lie algebra N(2, 5) with 
2 generators xi,x 2 and nilpotency class c = 5, and consider the quotient g given by 
the following Lie brackets, 



x 3 = 


[x 1 ,x 2 \, 




£4 = 


[xi, [x 1 ,x 2 \] = [xi,x 3 ], 




x 5 = 


[x 2 , [x 1 ,x 2 \] = [x 2 ,x 3 ], 




Xq = 


[x 2 , [xi, [x 1 ,x 2 ]]\ = [x 2 , 


24], 


x e = 


[x u [x 2 , [21,22]]] = [xi, 


X5], 


x 7 = 


[x 2 , [x 2 , [xi,x 2 ]]] = [x 2 , 


X5], 


X 8 = 


[xi, [x 2 , [x 2 , [x 1 ,x 2 ]]]] = 


-- [x u x 7 ], 


x s = 


[x 2 , [xi, [x 2 , [xi,x 2 }]\\ = 


-- [x 2 ,x 6 ]. 



Note that this Lie algebra is a pre-Engel-4 Lie algebra, with ad(2j) 4 = for 
1 < i < 8. However, it is not an Engel-4 Lie algebra because of ad(^i + x 2 ) A 7^ 0. 
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Example 5.15. The above 5-step nilpotent Lie algebra admits periodic prederiva- 
tions of every even order m > 2. 

Indeed, a direct computation shows that for all a, fl, 7 £ C, 

P = diag(a, 0, 7, 2a + (3, a + 2/3, a + /3 + 7, 2/3 + 7, 2a + 3/3) 

is a prederivation of $3. For /3 = —a, 7 = a we obtain 

P = diag(a, —a, a, a, —a, a, —a, —a). 

With a being a primitive m-th root of unity satisfying (— a) m = 1, this prederivation 
is periodic of order m. 

There is another class of Lie algebras not admitting periodic prederivations. 

Definition 5.16. Let g be a Lie algebra. We say that g satisfies property F, if every 
basis contains a triple (21, x 2 , x 3 ) of basis elements such that for all i 7^ j in {1, 2, 3} 
holds: [xi, [xi,Xj]} 7^ or [xj, [xj,Xi\] 7^ 0. 

For a given Lie algebra, it seems difficult to check this for every basis. Therefore 
it is more convenient to rewrite the definition as follows. A Lie algebra g does not 
satisfy property F if it has a basis xi,...,x n such that for all triples (xi, Xj, Xk) there 
exists a subset {xi,x m } C {xi,Xj,Xk} such that 

[x e , [x e , x m \] = [x m , [x m ,Xi\] = 0. 

Example 5.17. The Lie algebra of example \5.1bl does not have property F. 

To see this, we need to find a basis y\,...,y 8 such that for each of the pos- 
sible Q = 56 triples {yi,yj,yk) there is a pair {ye,y m ) such that &d(y e ) 2 (y m ) = 
a.&(y m ) 2 {yi) = 0. It turns out that we may choose the original basis Xi,...,x 8 of 
q together with the pairs (x e , x m ) for (£, m) = (1, 2), (1, 3), (2, 3), (1, 4), (2, 4), (3, 4), 
(5, 6), (5, 7), (5, 8), (6, 7), (6, 8), (7, 8). 

Proposition 5.18. The free-nilpotent Lie algebra N(c, g) has property F if and only 
if either c > 3, g > 3 or c > 4, g = 2. 

Proof. Suppose first that c > 3 and g > 3. Denote the generators of f = N(c, g) by 
Xi, . . . , x g . Let ei, . . . , e n be any basis of f. It contains a subset, say {ei, . . . , e g }, 
which is a basis for f/[f, f\. We obtain a Lie algebra automorphism a: f — > f by 
setting a(xi) = e« for all 1 < % < g. We may choose three different vectors from 
{ei, . . . , e g }, say e%, e 2 , e 3 . Since [x iy [x i: Xj]} 7^ for all i =fi j in {1, 2, 3}, we obtain 
[ei, [ei, ej)] 7^ for all i 7^ j in {1, 2, 3}. This shows that f has property F. 
Now suppose that c > 4 and g = 2. Denote the generators by 21,22 and let 
ei, . . . , e n x be again any basis of f, such that e\ and e 2 are a basis of f/[f, f]. We may 
choose e3 such that e\,ei, is a basis of f/[f, [f, f]]. As before, define an automor- 
phism by a(e,j) = Xi for i = 1,2. Then we may write 

a(e 3 ) = X1X1 + X 2 x 2 + A 3 [2i, x 2 ) + v 
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for some Aj G C with A3 7^ and v G [f, [f, f]]. A short computation shows that the 
three terms [ei, [ei, e 2 ]], [ei, [ei, e 3 ]], [e 2 , [e 2 , e 3 ]] are nonzero, by applying a and using 
[xi, [xi, Xj)] 7^ for all i 7^ j. Hence f has property F. □ 

The relation to periodic prederivations is as follows. 

Proposition 5.19. Let q be a Lie algebra having property F . Then g does not admit 
a periodic prederivation. 

Proof. Suppose that g admits a periodic prederivation P. Then P is semisimple, 
and there is a basis of eigenvectors ei, . . . , e n with -P(ej) = a^Ci and \cii\ = 1 for all 
i — 1, . . . , n. Since g has property F, there exists a triple (ei, e 2 , e 3 ) such that for all 
i 7^ j in {1,2,3} either [e i; [e», e^]] or [ej, [ej,ei\] (or both) are nonzero eigenvalues, 
i.e., either \2cti + aj\ = 1 or |2aj + o;j| = 1. In other words, for all i 7^ j we have 
«i = — «j. It follows «i = a 2 = «3 = 0, which is a contradiction. □ 

Corollary 5.20. The free-nilpotent Lie algebra N(c, g) admits a periodic prederiva- 
tion if and only if c < 2, or if c = 3, g = 2. 

Proof. If not c < 2 or c = 3, g = 2, then N(c,g) does not admit a periodic 
prederivation by propositions 15.181 and 15.191 Conversely, if c < 2, then any en- 
domorphism is a prederivation. Hence there exists a periodic prederivation. If 
c = 3, g = 2, then we have the Lie algebra N(3, 2) with basis xi, . . . , x$ and brack- 
ets [xi,x 2 ] = X3, [xi,X3] = £4, [x 2 ,x 3 ] = X5. A periodic prederivation is given by 
P = diag(a, — a, 1, a, — a). □ 
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